Abstract. We study the interior spike solutions to a steady state problem of the shadow system of the Gierer-Meinhardt system arising from biological pattern formation. We rst show that at a nondegenerate peak point the interior spike solution is locally unique and then we establish the spectrum estimates of the associated linearized operator. We also prove that the corresponding solution to the shadow system is unstable. Furthermore, the metastability of such solutions is analyzed.
Introduction
In this paper, we consider the following system which can be considered as the shadow system of Gierer-Meinhardt system (see 4]) arising from biological pattern formation ( (For the derivation of (1.1) and more details on the Gierer-Meinhardt system as well as its properties, please see the review article 14].)
Let us consider the stationary solution to the shadow system (1.1). Set A(x) = q=(p?1) u(x). Then it is easy to see that u satis es (Equation (1.2) is also known as the steady state problem for a chemotactic aggregation model with logarithmic sensitivity by , see e.g. 13] . ) It is known that equation (1.2) has both boundary and interior spike layer solutions. See 14] for an overview of (1. Theorem A. Assume that P 0 is a nondegenerate peak point in . Then for << 1, equation (1.2) has a solution u satisfying the following properties:
(1) u has a unique local maximum point P and P ! P 0 as ! 0, (2) u Ce ? jx?P j= for some constants C > 0; > 0 and u (P ) As far we know, all the previous results on spike layer solutions are mainly concerned with the existence. In this paper, we study various properties of u constructed in Theorem A. We rst establish the local uniqueness of u (Theorem 1.1). Then we obtain the spectrum estimates of the associated linearized operator (Theorem 1.3). Finally we study the stability, instability and metstability of interior spike solutions for the corresponding shadow system (1.1) (Corollaries 1.1 and 1.2). (Here say a solution is (linearly) stable if all the eigenvalues of the associated linearized operator have negative real part, it is (linearly) unstable if the associated linearized operator has one eigenvalue with positive real part, and it is metastable if those eigenvalues of the associated linearized operator with positive real parts are exponentially small.) The results and techniques in this paper may be useful in studying properties of multiple boundary and multiple interior spike solutions, and also in studying nucleation phenomon in Cahn-Hilliard equation.
Our rst result shows that u is locally unique and that P approaches P 0 along the direction a (de ned by (H1) and (H2)). Theorem 1.1. Suppose that P 0 is a nondegenerate peak point. Then for << 1, if there are two families of single interior spike solutions u ;1 and u ;2 of (1.2) such that P 1 ! P 0 ; P 2 ! P 0 where u ;1 (P 1 ) = max P2 u (P ); u ;2 (P 2 ) = max P2 u ;2 (P ), then P 1 = P 2 ; u ;1 = u ;2 : Moreover, P 1 = P 2 = P 0 + ( 1 2 d(P 0 ; @ )a + o(1)) as ! 0. (a j?1;l + o(1)) @w ;P @P l j P=P ; (1.11) whereã j = (a j;1 ; :::; a j;N ) t is the eigenvector corresponding to j , namely G(P 0 )ã j = jãj ; j = Remark: In the original Gierer-Meinhardt system, we have r = 2; p = 2; q = 1; s = 0. Thus it satis es the assumption in Corollary 1.2. As far as we know, Corollary 1.2 is the rst result on the metastability of interior spike solutions of (1.1).
In the rest of this section, we introduce the basic idea behind the proofs of Theorems By the above Proposition, the local uniqueness problem is reduced to counting the number of critical points of K in . Thus we need to compute @ j K (P ) and @ 2 ij K (P ). By some lengthy computations, we can relate (@ 2 ij K (P )) with the matrix G(P 0 ). By some degree arguments, we prove Theorem 1.1. Theorem 1.3 is proved by using the results for (@ 2 ij K (P )). (1.14)
By using (1.12), it is easy to see that the eigenvalues of problem (1.14) in H 2 ( ;P ) L 1 ( ) are the same as the eigenvalues of the following eigenvalue probelm 
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Proof of Theorem 1.1: Preliminaries
This section is divided into two parts. In the rst part, we analyze the location of the local maximum point of the single interior spike solution. In the second part, we use the Liapunov-Schmidt reduction method to reduce the problem into a nite dimensional problem.
Let u be a solution of (1.2) with a single local maximum point P and P ! P 0 . By The following important lemma gives the speed of P approaching P 0 .
Lemma 2.2.
) where a is given by (H1) and (H2 Lemma 2.5. u = w ;P + v ;P is a solutions of (1.2) if and only of P is a critical point of K (P ).
Let u be a single interior spike solution with the unique local maximum P ! P 0 . By Lemma 2.4, we have u = w ;Q + v ;Q for some Q 2 and v 2 K ? ;Q .
The next lemma relates P and Q . We now compute rK (P ). The computation is very complicated. The reader can refer to Section 7 in 23]. We need one key estimate. Let w ;P be de ned by (1.7). Recall that ' ;P (x) = w((x ? P)= ) ? w ;P (x).
The On the other hand, sinceK (P ) has only one critical point in B 0 (Q 0 ) and by Lemma 3.2, rK (P ) = rK (P ) + O( 0 ?2 ' ;P 0 (P 0 )), by a continuity argument (note that rK (P ) 6 = 0 and rK (P ) We divide the proof into three cases.
Case 1: r = 2; 1 < p < 1 + 4 N :
Since L is not self-adjoint, we introduce a new operator as follows: We show that this is impossible. From (ii) and (iii), we have We will follow the proof in Case 1. We just need to take care of w 0 . We rst have the following lemma which is similar to Lemma 5.1. The proof is omitted. We will follow the proof of Case 1. We need to de ne another operator. In this appendix, we prove Lemma A in Section 1. We rst note that (2) can be proved by an easy perturbation argument. We just need to prove (1).
Proof of (1) 
